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h?2 7mM/�K2Mi�H T`QT2`iv Q7 ?QKQHQ;v r?B+? K�F2b Bi +QKTmi�#H2
Bb 2t+BbBQMX
.2}MBiBQM
G2i ∆M #2 i?2 bi�M/�`/ M@bBKTH2t rBi? p2`iB+2b p0, · · · , pMX q2
/2}M2 Bib #�`v+2Mi2` iQ #2

+(∆M) =
1

M + 1

M∑

B=0

pB ∈ ∆M.
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q2 /2}M2 i?2 #�`v+2Mi`B+ bm#/BpBbBQM B∆M Q7 � M@bBKTH2t ∆M #v,

RX B∆0 = ∆0X
kX G2i 60, · · · ,6M #2 i?2 M@bBKTH2t2b Q7 7�+2b Q7 ∆M+1- + #2 i?2

#�`v+2Mi2` Q7 ∆M+1X h?2M B∆M+1 +QMbBbib Q7
(M + 1)@bBKTH2t2b rBi? Q`/2`2/ p2`iB+2b

[+,r0, · · · ,rM]

r?2`2 [r0, · · · ,rM] Bb � M@bBKTH2t2b BM B60, · · · ,B6MX
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1[mBp�H2MiHv- � bBKTH2t BM B∆M Bb BM/2t2/ #v � b2[m2M+2
{a0 ⊂ a1 · · · ⊂ aM = ∆M} r?2`2 aB Bb � 7�+2 Q7 aB+1X h?2M Bib
p2`iB+2b �`2

[+(aM), +(aM−1), · · · , +(a0)].

Ai Bb b22M i?�i ∆M Bb i?2 mMBQM Q7 bBKTH2t2b BM B∆MX
p0

p1 p2

+

r0

r1r2

•

• ••

••
•

B∆2 =
[+,r0, p2]−[+,r1, p2]+[+,r1, p0]−[+,r2, p0]+[+,r2, p1]−[+,r0, p1]
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.2}MBiBQM
q2 /2}M2 i?2 M@+?�BM Q7 #�`v+2Mi`B+ bm#/BpBbBQM BM #v

BM =
∑

α

±σα ∈ aM(∆
M)

r?2`2 i?2 bmKK�iBQM Bb Qp2` �HH b2[m2M+2

α = {a0 ⊂ a1 · · · ⊂ aM = ∆M}.

σα Bb i?2 bBKTH2t rBi? Q`/2`2/ p2`iB+2b

[+(aM), +(aM−1), · · · , +(a0)],

pB2r2/ �b � bBM;mH�` M@+?�BM BM ∆MX h?2 bB;M ± Bb �#Qmi
Q`B2Mi�iBQM, B7 i?2 Q`B2Mi�iBQM Q7 [+(aM), +(aM−1), · · · , +(a0)]
+QBM+B/2b rBi? i?�i Q7 ∆M- r2 i�F2 +c Qi?2`rBb2 r2 i�F2 −X
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.2}MBiBQM
q2 /2}M2 i?2 7QHHQrBM; +QKTQbBiBQM K�T

aF(∆
K)× aM(∆

F) → aM(∆
K), σ × η → σ ◦ η.

h?Bb Bb /2}M2/ QM ;2M2`�iQ`b pB� i?2 +QKTQbBiBQM

∆M → ∆F → ∆K

�M/ 2ti2M/2/ HBM2�`Hv iQ bBM;mH�` +?�BMbX
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aBKBH�`Hv- i?2`2 Bb � M�im`�H K�T /2MQi2/ #v

aM(∆
K) : aK(s) → aM(s), η : σ → η∗(σ) := σ ◦ η

r?2`2 η∗(σ) = σ ◦ η Bb i?2 +QKTQbBiBQM Q7 σ rBi? ηX
Ai Bb 2�bv iQ b22 i?�i

(η1 ◦ η2)∗ = η∗2 ◦ η∗1, ∀η1 ∈ aF(∆
K), η2 ∈ aM(∆

F).
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1t�KTH2
G2i

∂∆M =
M∑

B=0

(−1)B∂(B)∆M ∈ aM−1(∆
M)

#2 i?2 #QmM/�`v 7�+2bX h?2M

(∂∆M) ◦ (∂∆M−1) = 0.

h?2 QT2`�iQ`

∂M = (∂∆M)∗ : aM(s) → aM−1(t)

/2}M2b i?2 #QmM/�`v K�T BM bBM;mH�` +?�BMbX
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G2KK�
h?2 #�`v+2Mi`B+ bm#/BpBbBQM Bb +QKT�iB#H2 rBi? i?2 #QmM/�`v K�T

∂BM = B(∂∆M)

r?2`2 B(∂∆M) Bb i?2 #�`v+2Mi`B+ bm#/BpBbBQM Q7 7�+2b ∂∆M Q7 ∆M-
pB2r2/ �b �M (M − 1)@+?�BM BM ∆MX 1[mBp�H2MiHv- r2 ?�p2 i?2
7QHHQrBM; +QKTQbBiBQM `2H�iBQM

BM ◦ (∂∆M) = (∂∆M) ◦ BM−1.
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h?2 +?QB+2 Q7 Q`/2`BM; �M/ Q`B2Mi�iBQM BKTHB2b ∂BM = B(∂∆M).
>2`2 Bb �M BHHmbi`�iBQM 7Q` M = 2X

p0

p1 p2

+

r0

r1r2

•

• ••

••
•

B∆2 = [+,r0, p2]− [+,r1, p2] + [+,r1, p0]− [+,r2, p0] + [+,r2, p1]− [+,r0, p1]X

∂B∆2

=([+,r0]− [+, p2] + [r0, p2])− ([+,r1]− [+, p2] + [r1, p2]) + ([+,r1]− [+, p0] + [r1, p0])
− ([+,r2]− [+, p0] + [r2, p0]) + ([+,r2]− [+, p1] + [r2, p1])− ([+,r0]− [+, p1] + [r0, p1])

=([r0, p2]− [r0, p1])− ([r1, p2]− [r1, p0]) + ([r2, p1]− [r2, p0])
=B(∂∆2).
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G2KK�
h?2`2 2tBbib hM+1 ∈ aM+1(∆M) 7Q` �HH M ≥ 0 bm+? i?�i

BM − 1∆M = hM+1 ◦ ∂∆M+1 + ∂∆M ◦ hM.

>2`2 1∆M : ∆M → ∆M Bb i?2 B/2MiBiv- pB2r2/ �b � M@+?�BM BM aM(∆M)X
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S`QQ7
q2 +QMbi`m+i hM BM/m+iBp2HvX h1 = 0X amTTQb2 r2 ?�p2 7QmM/ hMX
q2 M22/ iQ }M/ hM+1 bm+? i?�i

∂(hM+1) = BM − 1∆M − ∂∆M ◦ hM.

lbBM; i?2 T`2pBQmb G2KK�- r2 ?�p2

∂ (BM − 1∆M − ∂∆M ◦ hM) = (BM − 1∆M − ∂∆M ◦ hM) ◦ ∂∆M

=∂∆M ◦ (BM−1 − 1∆M−1 − hM ◦ ∂∆M)

=∂∆M ◦ ∂∆M−1 ◦ hM−1 = 0.

h?2`27Q`2 BM − 1∆M − ∂∆M ◦ hM Bb � M@+v+H2 BM aM(∆M)X >Qr2p2`

>M(∆
M) = 0, ∀M ≥ 1

bBM+2 ∆M Bb +QMi`�+iB#H2X aQ BM − 1∆M − ∂∆M ◦ hM Bb � M@#QmM/�`v
�M/ hM+1 +�M #2 +QMbi`m+i2/X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
q2 /2}M2 i?2 #�`v+2Mi`B+ bm#/BpBbBQM QM bBM;mH�` +?�BM +QKTH2t #v

B∗ : a•(s) → a•(s)

r?2`2 B∗ = B∗
M QM aM(s)X
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h?2Q`2K
h?2 #�`v+2Mi`B+ bm#/BpBbBQM K�T B∗ : a•(s) → a•(s) Bb � +?�BM
K�TX JQ`2Qp2`- Bi Bb +?�BM ?QKQiQTB+ iQ i?2 B/2MiBiv K�T- ?2M+2 �
[m�bB@BbQKQ`T?BbKX
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h?2Q`2K U1t+BbBQMV
G2i l ⊂ � ⊂ s #2 bm#bT�+2b bm+? i?�i l̄ ⊂ �◦ Ui?2 BMi2`BQ` Q7 �VX
h?2M i?2 BM+HmbBQM B : (s − l,� − l) ↪→ (s,�) BM/m+2b
BbQKQ`T?BbKb

B∗ : >M(s − l,� − l) ≃ >M(s,�), ∀M.
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QQ7

G2i mb +�HH σ : ∆M → s bK�HH B7

σ(∆M) ⊂ � Q` σ(∆M) ⊂ s − l.

G2i a′
•(s) ⊂ a•(s) /2MQi2 i?2 bm#+QKTH2t ;2M2`�i2/ #v bK�HH

bBKTH2t2bX h?2 +QM/BiBQM l̄ ⊂ �◦ BKTHB2b i?�i 7Q` �Mv bBKTH2t
σ : ∆M → s- i?2`2 2tBbib � #B; 2MQm;? F bm+? i?�i

(B∗)F(σ) ∈ a′(s).



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

G2i a′
•(s,�) #2 /2}M2/ #v i?2 2t�+i b2[m2M+2

0 → a•(�) → a′(s) → a′(s,�) → 0.

Ai Bb 2�bv iQ b22 i?�i

a′
•(s,�) ≃ a•(s − l,� − l).

h?2`2 Bb � M�im`�H +QKKmi�iBp2 /B�;`�K Q7 +?�BM K�Tb

0 !! a•(�) !!

""

a′
•(s) !!

""

a′
•(s,�) !!

""

0

0 !! a•(�) !! a•(s) !! a•(s,�) !! 0

"v i?2 6Bp2 G2KK�- Bi Bb 2MQm;? iQ b?Qr

a′
•(s) → a•(s)

Bb � [m�bB@BbQKQ`T?BbKX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

• BMD2+iBpBiv Q7 >(a′
•(s)) → >(a•(s))X

G2i α #2 � +v+H2 BM a′
•(s) �M/ α = ∂β 7Q` β ∈ a•(s)X h�F2 F #B;

2MQm;? i?�i (B∗)F(β) ∈ a′(s)X h?2M

(B∗)F(α) = ∂(B∗)F(β).

>2M+2 i?2 +H�bb Q7 (B∗)F(α) BM >(a′
•(s)) Bb x2`Q- bQ Bb α r?B+? Bb

?QKQHQ;Qmb iQ (B∗)F(α)X

• bm`D2+iBpBiv Q7 >(a′
•(s)) → >(a•(s))X

G2i α #2 � +v+H2 BM a•(s)X h�F2 F #B; 2MQm;? i?�i
(B∗)F(α) ∈ a′

•(s)X h?2M (B∗)F(α) Bb � bK�HH +v+H2 r?B+? Bb
?QKQHQ;Qmb iQ αX
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h?2Q`2K
G2i s1,s2 #2 bm#bT�+2b Q7 s �M/ s = s◦

1 ∪ s◦
2X h?2M

>•(s1,s1 ∩ s2) → >•(s,s2)

Bb �M BbQKQ`T?BbK 7Q` �HH MX

S`QQ7X
�TTHv 1t+BbBQM iQ l = s − s1,� = s2X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2Q`2K UJ�v2`@oB2iQ`BbV
G2i s1,s2 #2 bm#bT�+2b Q7 s �M/ s = s◦

1 ∪ s◦
2X h?2M i?2`2 Bb �M

2t�+i b2[m2M+2

· · · → >M(s1∩s2)
(B1∗,B2∗)→ >M(s1)⊕>M(s2)

D1∗−D2∗→ >M(s) δ→ >M−1(s1∩s2) → · · ·

Ai Bb �HbQ i`m2 7Q` i?2 `2/m+2/ ?QKQHQ;vX
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G2i a•(s1) + a•(s2) ⊂ a•(s) #2 i?2 bm#bT�+2 bT�MM2/ #v a•(s1)
�M/ a•(s2)X q2 ?�p2 � b?Q`i 2t�+i b2[m2M+2

0 → a•(s1 ∩ s2)
(B1,B2)→ a•(s1)⊕ a•(s2)

D1−D2→ a•(s1) + a•(s2) → 0.

aBKBH�` iQ i?2 T`QQ7 Q7 1t+BbBQM pB� #�`v+2Mi`B+ bm#/BpBbBQM- i?2
2K#2//BM; a•(s1) + a•(s2) ⊂ a•(s) Bb � [m�bB@BbQKQ`T?BbKX
J�v2`@oB2iQ`Bb b2[m2M+2 7QHHQrbX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2Q`2K
G2i � ⊂ s #2 � +HQb2/ bm#bT�+2X �bbmK2 � Bb � bi`QM;
/27Q`K�iBQM `2i`�+i Q7 � M2B;?#Q`?QQ/ BM sX h?2M i?2 K�T
(s,�) → (s/�,�/�) BM/m+2b �M BbQKQ`T?BbK

>•(s,�) = >̃•(s/�).
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QQ7

G2i l #2 �M QT2M M2B;?#Q`?QQ/ Q7 � i?�i /27Q`K�iBQM `2i`�+ib iQ
�X h?2M >•(�) ≃ >•(l)X "v 6Bp2 G2KK�

>•(s,�) ≃ >•(s,l)

aBM+2 � Bb +HQb2/ �M/ l Bb QT2M- r2 +�M �TTHv 1t+BbBQM iQ }M/

>•(s,�) ≃ >•(s,l) ≃ >•(s − �,l − �).

h?2 b�K2 +QMbB/2`�iBQM �TTHB2/ iQ (s/�,�/�) �M/ l/� ;Bp2b

>•(s/�,�/�) ≃ >•(s/�−�/�,l/�−�/�) = >•(s−�,l−�).
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?Bb h?2Q`2K BM T�`iB+mH�` �TTHB2b iQ +Q}#`�iBQMbX

*Q`QHH�`v
G2i � ⊂ s #2 � +HQb2/ +Q}#`�iBQMX h?2M >•(s,�) = >̃•(s/�)X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

ambT2MbBQM
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

G2i (s, t0) #2 � r2HH@TQBMi2/ bT�+2X _2+�HH i?�i Bib `2/m+2/ +QM2
*⋆s �M/ `2/m+2/ bmbT2MbBQM Σs �`2

*⋆s =
s × A

(s × {0} ∪ t0 × A) , Σs =
s × A

(s × {0} ∪ s × {1} ∪ t0 × A) .

aBM+2 (s, t0) Bb � r2HH@TQBMi2/- r2 ?�p2 ?QKQiQTv 2[mBp�H2M+2b

*⋆s ≃ s × A
s × {0} , Σs ≃ s × A

(s × {0} ∪ s × {1}) .
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2Q`2K
G2i (s, t0) #2 � r2HH@TQBMi2/ bT�+2X h?2M >̃M(Σs) = >̃M−1(s).

S`QQ7X
G2i

w =
s × A

s × {0} , u =
s × A

(s × {0} ∪ s × {1}) = w/s.

aBM+2 w Bb +QMi`�+iB#H2- i?2 ?QKQHQ;v 2t�+i b2[m2M+2 �bbQ+B�i2/ iQ
i?2 T�B` s ⊂ w BKTHB2b

>̃M(w,s) = >̃M−1(s).

Ai 7QHHQrb i?�i

>̃M(Σs) = >̃M(u) = >̃M(w/s) = >̃M(w,s) = >̃M−1(s).
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QTQbBiBQM
h?2 `2/m+2/ ?QKQHQ;v Q7 i?2 bT?2`2 aM Bb ;Bp2M #v

>̃F(aM) =

{
Z F = M
0 F ̸= M

AM T�`iB+mH�`- bT?2`2b Q7 /Bz2`2Mi /BK2MbBQMb �`2 MQi ?QKQiQTv
2[mBp�H2MiX

S`QQ7X
h?Bb 7QHHQrb 7`QK i?2 T`2pBQmb i?2Q`2K �M/ aM = ΣMa0 r?2`2
a0 = {±1} +QMbBbib Q7 irQ TQBMibX
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�TTHB+�iBQMb
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QTQbBiBQM
A7 K ̸= M- i?2M RK �M/ RM �`2 MQi ?QK2QKQ`T?B+X

S`QQ7X
�bbmK2 7 : RK → RM Bb � ?QK2QKQ`T?BbKX h?2M 7 BM/m+2b �
?QK2QKQ`T?BbK

RK − {T} → RM − {7(T)}

?2M+2 � ?QKQiQTv 2[mBp�H2M+2 #2ir22M aK−1 �M/ aM−1X
*QMi`�/B+iBQMX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
� +QMiBMQmb K�T 7 : aM → aM UM ≥ 0V ?�b /2;`22 /- /2MQi2/ #v
/2;(7) = /- B7

7∗ : >̃M(aM) = Z → >̃M(aM) = Z

Bb KmHiBTHB+�iBQM #v /X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

G2KK�
G2i 7, ; : aM → aM #2 +QMiBMmQmb K�TbX

RX /2;(7 ◦ ;) = /2;(7) /2;(;)X
kX A7 7 ≃ ; �`2 ?QKQiQTB+- i?2M /2;(7) = /2;(;)
jX A7 7 Bb � ?QKQiQTv 2[mBp�H2M+2- i?2M /2;(7) = ±1X

S`QQ7X
�HH i?2 bi�i2K2Mib 7QHHQr 7`QK i?2 7�+i i?�i >M /2}M2b � 7mM+iQ`

>M : ?hQT → :`QmT .
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QTQbBiBQM
G2i ` : aM → aM, (t0, · · · , tM) → (−t0, t1, · · · , tM) #2 i?2 `2~2+iBQMX
h?2M /2;(`) = −1.

S`QQ7X
q2 T`Qp2 #v BM/m+iBQM QM MX h?Bb Bb i`m2 7Q` M = 0X �bbmK2 i?2
+�b2 7Q` M − 1X q2 }M/ �M BbQKQ`T?BbK

>̃M(aM) = >̃M(.M/aM−1) = >̃M(.M, aM−1)
δ→ >̃M−1(aM−1).

h?Bb H2�/b iQ i?2 +QKKmi�iBp2 /B�;`�K

>̃M(aM)

`∗
""

δ !! >̃M−1(aM−1)

`∗
""

>̃M(aM) δ !! >̃M−1(aM−1)

h?Bb T`Qp2b i?2 +�b2 7Q` MX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2Q`2K U>�B`v "�HH h?2Q`2KV
aM ?�b � MQr?2`2 p�MBb?BM; i�M;2Mi p2+iQ` }2H/ ⇔ M Bb Q//X

S`QQ7X
A7 M Bb Q//- r2 +QMbi`m+i

p(t0, · · · , tM) = (−t1, t0,−t3, t2, · · · ).

*QMp2`b2Hv- �bbmK2 p Bb MQ@r?2`2 p�MBb?BM; p2+iQ` }2H/X G2i

7 : aM → aM, t → p(t)
|p(t)| .

h?2 K�T

6 : aM × A → aM, 6(t, i) = +Qb(πi)t + bBM(πi)7(t)

/2}M2b � ?QKQiQTv #2ir22M i?2 B/2MiBiv K�T 1 �M/ i?2 �MiBTQ/�H
K�T σX Ai 7QHHQrb i?�i /2;(σ) = 1 4⇒ M = Q//.
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2Q`2K U"`Qr2`Ƕb 6Bt2/ SQBMi h?2Q`2KV
�Mv +QMiBMmQmb K�T 7 : .M → .M ?�b � }t2/ TQBMiX

S`QQ7X
�bbmK2 7 ?�b MQ }t2/ TQBMiX .2}M2

` : .M → aM−1

r?2`2 `(T) Bb i?2 BMi2`b2+iBQM Q7 ∂.M rBi? i?2 `�v bi�`iBM; 7`QK
7(T) TQBMiBM; iQr�`/ TX h?2M ` /2}M2b � `2i`�+i Q7 aM−1 ↪→ .MX
h?Bb BKTHB2b >•(.M) = >•(aM−1)⊕ >•(.M, aM−1)X *QMi`�/B+iBQMX


